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Abstract — The effect of a spatially inhomogeneous heating of the bottom wall in Rayleigh—Bénard—Poiseuille convection is studied for slow streamwise
variations of the temperature profile. The problem is defined by the constant Reynolds number of the Poiseuille through flow, assumed to be low
(typically < 10), the constant Prandtl number, and the spatial evolution of the Rayleigh nl&ker assumed to be subcritical everywhere except in

a limited region around its single maximuRt. In this initial study, all spanwise inhomogeneities such as side walls or spanwise variable heating are
neglected to obtain two-dimensional (transverse roll) global mode solutions by means of WKBJ asymptotics. The resulting frequency selsgction yield
at leading order, a global mode frequency equal to the local absolute frequbatshe streamwise location where the Rayleigh number is maximum,

with higher-order corrections for non-parallelism. These allow the determination of critical val@saf global instability as a function of the profile

of the local Rayleigh numbeR (X) and of Prandtl and Reynolds numbefs2001 Editions scientifiques et médicales Elsevier SAS

global modes / mixed convection

1. Introduction

Over the last two decades, the stability properties of non-parallel flows have received increasing attention as

many flows of practical importance are non-parallel, in particular open flows such as mixing layers, jets, wakes
and boundary layers. While the stability of strongly non-parallel flows can only be investigated numerically,
analytical progress has been made for weakly non-parallel flows which evolve slowly on the scale of a typical
instability wave length. In this case, the temporal instability modes of a weakly non-parallel flow, commonly
termed global modes [1], have been related to its local stability properties, in particular to the presence of
local convective and absolute instability [2]. When a sufficiently large region of locally absolute instability
exists, it is generally possible to construct unstable (time-amplified or self-sustained) global modes by means
of WKBJ analysis (other types of global modes may exist [3,4], but will not be discussed in the following).
In the course of such analyses, a selection criterion for the complex frequency naturally appears [5] when
requiring boundedness of solutions at upstream and downstream infinity. In practice, the frequency selection is
obtained from the matching of subdominant upstream and downstream WKBJ approximations through turning
points where the latter break down.

Such approaches have been successfully applied to model equations [6,2] as well as to real flows, such as
Taylor vortex flow in the gap between concentric spheres [7] or shear flows [8]. In thermal convection, the
influence of spatially inhomogeneous boundary conditions have been studied in the Rayleigh—-Bénard system
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without through flow for instance by Walton [9], who considered a layer with slowly increasing depth, and
Rees [10], who analyzed convection in a slab of porous medium with a spatially modulated wall temperature.
The problem closest to the subject of this paper is the fluid layer with a slow downstream increase of the
temperature difference between top and bottom walls combined with through-flow, which has been investigated
by Walton [11]. He used an envelope formalism restricted to small Reynolds and small supercritical Rayleigh
numbers, i.e. to the vicinity of the onset of convective instability. Since the temperature difference in Walton’s
analysis is unbounded at downstream infinity, the amplitude of the convection rolls shows the same behaviour.
Nevertheless, the analysis predicts a downstream shift of the neutral point, i.e. the location where rolls start to
grow, relative to the neutral point predicted from standard locally parallel analysis, a phenomenon that will also
be observed in our study (see the discussion related tbguue 3.

In the present paper, a two-dimensional horizontal channel heated from below with low Reynolds number
uni-directional through-flow is analyzed. The non-parallel effects are introduced into this so-called Rayleigh—
Bénard—Poiseuille system by a differential heating which varies slowly (on the scale of the channel height)
in the streamwise direction. By choosing a more general streamwise inhomogeneity than Walton [9], the
limitations of his analysis with respect to the shape of the thermal inhomogeneity and the magnitude of the
Reynolds number are overcome. Specifically, by placing stable regions far up- and down-stream, the linear
global mode problem with homogeneous boundary conditions at up- and down-stream infinity is well posed,
i.e. the global mode amplitude remains bounded over the entire doubly infinite domain and problems with
causality are avoided (see e.g. the discussion in Hunt and Crighton [12]). Hence, it will be possible to determine
the critical Rayleigh number as a function of Reynolds number for the temporal growth of a global mode as
well as the frequency at which such a mode is synchronized over the entire domain.

The fact of using a doubly infinite domain in the stream-wise direction does not appear to be overly artificial,
since the effect of the channel inlet in an experiment, and to a lesser degree of the outlet, on the global mode
can be minimized by placing them in zones which are stable with respect to the thermal convective instability.
Furthermore, in order to focus on thermal convective (Rayleigh—-Bénard) instability modes, the Reynolds
number for the following investigation is chosen sufficiently low (typically below 10) to exclude shear driven
instabilities. Hence, the non-parallel effects associated with the development of the Poiseuille velocity profile
at the channel entrance can be neglected, since this development length is very short (a few channel heights)
and assumed to be in a stable region. This is in contrast with isothermal flow in a two-dimensional channel of
constant height where the only non-parallel effects are associated with the development of the velocity profile
at the channel entrance.

The choice of the present system is motivated by the desire of moving away from the traditional analysis of
the highly idealized spatially homogeneous flow towards more realistic situations with imperfect temperature
boundary conditions, i.e. with ‘hot spots’. Since the spatially homogeneous Rayleigh—Bénard—Poiseuille flow
is known to exhibit a transition from convective to absolute instability [13,14], it is also considered to be an
interesting prototypical system for future experimental investigations of global modes. Itis clear that the present
two-dimensional analysis, which excludes any spanwise inhomogeneity such as walls or spanwise non-uniform
heating, can only be a first but necessary step towards understanding the stability properties of more realistic,
fully three-dimensional systems in which convection modes other than rolls may dominate.

As will be shown in the following sections, the analysis is relatively straightforward, at least in the present
two-dimensional situation, as the only spatially (slowly) evolving parameter is the local Rayleigh number, while
the Prandtl and Reynolds numbers remain constant. The characterization of the most amplified global mode
is thus obtained by building on our previous locally parallel stability analysis [14]. The paper is organized as
follows. Section 2 is devoted to the establishment of the non-parallel base flow in terms of multiple scale
approximations. The next section 3 is devoted to the WKBJ approximation of the global modes and the
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identification of WKBJ turning points. Provided the streamwise varying local Rayleigh humber has a unique
maximum within the doubly infinite flow domain and is sufficiently low (assumed subcritical in this paper)
at upstream and downstream infinity, the global frequency is determined by a double turning point at the
streamwise location where the differential heating is maximum. This double turning point region, through
which the upstream and downstream WKBJ approximations are matched, is analyzed in section 4. Finally,
results for a Gaussian streamwise variation of the Rayleigh number are presented and discussed in section 5.

2. Base flow

We consider a two-dimensional layer of fluid, of deptin the verticalz-direction, of infinite extent in the
horizontal x-directions, in which a laminar mean through-flow is forced by maintaining a suitable constant
pressure gradient in thedirection. The origin of the coordinates are taken at the center of the fluid layer and
the length scale for non-dimensionalizationzisThe fluid flow is intended to satisfy the usual conservation
equation under the Boussinesq approximation. The mean velocity and pressure field are thus given by:

U,=0U,(z)e = (1-4z%)e,, 1)
8
Hp = —Ex, (2)

where we used the maximum of the dimensional Poiseuille profjefor scaling the velocity so that the
Reynolds number is:

U,h
R="" 3)
v

v being the kinematic viscosity of the fluid. On the upper wall bounding the fluid, the temperature is assumed
to be at a constant valug relative to which temperatures are defined: in non-dimensional form, we thus have:

T=0 atz=1/2. (4)

On the lower wall, the dimensional temperatufg is assumed to depend slowly on the coordinate in the
x-direction. Denotingg, @ and K the gravitational acceleration, the thermal expansion coefficient and the
thermal diffusivity respectively, the quantity ‘o« ~*43vK is used as the scale for temperature differences.
IntroducingX = ex (¢ <« 1), as the slow non-dimensional coordinate intheirection, the boundary condition
thus becomes:

T=R(X) atz=-1/2, ®)
whereR(X) is the local Rayleigh number defined as:

gah*(TH(X)—T,)
vK ’

R(X) = (6)

Considering the slow dependence of the lower wall temperatur® ,ahe resulting steady, weakly non-
parallel base flow is obtained by a multiple scale expansion. The devidijaand IT, from the Poiseuille
velocity U, and pressurél ,, together with the base temperatdigare expanded ds

1 Note that velocity is scaled usingj/h and pressure usingth—Z.
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I,(X, z) = Mo(X, 2) + e11(X, 2) + £2TT5(X, z) 4+ O(&%), (7)
U (X, 2) = Uo(X, 2) + eU1(X, 2) + e2Ua(X, z) + O(3), (8)
Ty (X, 2) = To(X, 2) + e Tu(X, 2) + °Ta(X, 2) + O(&%). 9)
At leading order, the following set of equations is obtained:
9;(Up-€) =0, (10)
P (Uo-€)d.Uo+ RU, (Uo - €)e, + 3. TTge; — Toe. — 02U =0, (11)
(Uo-€)d,To — 32To =0, (12)

whereP = v/K is the Prandtl number arile[’, is thez-derivative off]p, together with boundary conditions:
Uo(X, +1/2) =0, To(X,1/2) =0, To(X, —1/2) = R(X). (13)

Locally, this problem is identical to the parallel one so that leading order solutions only depend parametrically
on X through the local Rayleigh numb®&(X). They are easily obtained as:

Mo=R(X)Mo(z), Up=0,  To=R(X)To(2),
with TTp = —% [(1—22)? + C4] andTo(z) = %(l — 22), (14)

where the constan@; will be determined at higher order such as to enforce incompressibity.
At the next order @), the following set of linear, inhomogeneous, equations is obtained:

9.(U1-e)=0, (15)
RU(U; - €)e, + 3.Tle. — Tre. — 97U = —R'(X)To, (16)
R(X)Ty(Us-€) — 32Ty = —R'(X)RPU, T, (17)

with homogeneous boundary conditions by and 7; on both horizontal walls. The solutions are thus of the
form:

M =RXMz), U=RXUikz), T1=R X)), (18)
U, andT; are then obtained as:
5 . L 1
Ui(z) = Ui(z)e,, Wwith Uy(z) = @(1 — 42%) (42 — 8z + 7+ 6Cy), (19)
~ RP
Th(2) =—Z5(1- 47%) (2473 — 2072 — 147 +25), (20)

while IT1(z) (not required for the following) can be determined fr(ﬁfﬂ =T
Using the continuity equation at order3):

3.(Uz-e)=—R"(X)Ui. (21)

Together with the no slip condition, the const@htin equations (14) and (19) is finally obtained as:

Ci= ~z (22)
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3. WKBJ approximation for the 2-D perturbation problem
3.1. Perturbation equations

The linear stability analysis consists of studying the evolution of a small 2-D perturbatiofp (X, z, 1),
u(X,z,1),0(X,z1)] around the base solutiofil,, U,, T,] determined in the preceding section, where the
perturbation is written as a vector containing the disturbance pregsugdocity vectoru, and temperature.

If the base flow was parallel, i.&-independent, the analysis yields in standard fashion an infinite set of
eigenvalues corresponding to plane waves with constant wave number the presenk-dependent base
state, a global mode analysis needs to be performed to identify temporally amplified, synchronized modes
on the entire flow domain. This global mode analysis can be carried out in the framework of the WKBJ
approximation, if the streamwise evolution of the base flow is slow, as assume&dl). Following Soward
and Jones [7], Huerre, Monkewitz, Le Dizes [2,8,3] and others, the WKBJ approximation for a perturbation
wave of frequencyn, corresponding to transverse convection rolls, can be expanded as:

V(X,z,1) = (Vo(z; X, w) + evi(z; X, w)+0(52))exp<l—/k(x, w)dX — ia)t). (23)

Introducing the WKBJ approximation (23) into the governing equations, the following system of homogeneous
linear equations for the leading order term of the perturbatigss [ po, Uo, o1, is obtained

—ik(Uo- &) —9.(Up- &) =0, (24)
—iwP U +ikRU,Ug + RU),(Ug - €)e, + (ike, + €.9;) po — €. + (k* — 82)up =0, (25)
—iwfo +ikRPU,00 — R(Uo- &) + (k* — 3%)6p = O, (26)

R (k)

Figure 1. Spatial branches of the complex wavenumbéor different J(w), Prandtl numbeP = 7, Reynolds numbeR = 0.63, and Rayleigh number
R(X)=1760 (X fixed).
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together with homogeneous boundary conditionsigandé, atz = £1/2. In the remainder of the paper, the
equations (24)—(26) will be abbreviated as:

L[0,; w, X]A(X) Vo(z; 0, X) =0, (27)
with the wave numbet related tow and X through the corresponding dispersion relation:
D[k, w, X]=0. (28)

Since the solution of (27) depends only parametricallyXothrough the local value of the Rayleigh number
R(X), Vo has been factored into an unknown amplitutdel) and a suitably normalized ‘structure functicry

(see appendices A and B). At any fixed stationthe wavenumbek represents spatial branches along which
N(w) varies, whileX(w) andX are held fixed, similar to the branches shown in [14]. A typical example is given

in figure 1 Since, in the case of one-dimensional wave propagation, the spatial branches were found to move
only little in the range of Rayleigh numbeR(X) of interest here [14], the spatial branchediglire 1can be
regarded as representative for all statighs

3.2. Global mode frequency selection

At this pointw in (23) is still a free parameter. The resolution of (27) only yields the spatial structure of a
wave with an arbitrarily specified, evolving on the spatially varying base flow. This problem is commonly
referred to as the signalling problem and has been studied, for instance, by Crighton and Gaster [15] in the jet.

To obtain a self-sustained global mode, particular values wiust be sought for which no excitation source
is required ands(w) > 0. Detailed discussions of the selection criteria for the global mode frequeneye
given in [8,3]. In the following, we just briefly summarize the salient features of the argument. The selection
criterion for the global mode frequency arises from the physical requirement that global modes vanish in the
limits X — +o0. In the present context, the following conditions on the control parariet&n is necessary:

Xlﬂm R(X) < Re, (29)

with R denoting the critical value for linear temporal instability of the parallel system. For simplicity, it is also
assumed thaR (X) has only one extremum, which is a maximum at the orixjig: O:

R/(X =0) =0. (30)

As shown by the authors mentioned above, most of the solutions of the form (23) are in fact unbounded
in one of the limitsX — o0, and only situations in which the WKBJ approximation breaks down lead to
global modes. Boundedness of the WKBJ approximation (23) in the likhits +oco requires thats(k) < O
for X — —oo and3J(k) > 0 for X — +o00. Hence, for a givem, one has to choosg(w, X) on a branchk—
which is subdominant foX < X~ < 0, and on a branch™ which is subdominant fok > X+ > 0:

V(X,z.1) = (A (X)VE (z: 0, X) 4+ eVi (X, 2) + O(¢?))
i X
xexp(l—/ k*(w, X) dX—ia)> for X ¢ [X~, X"]. (31)
£ Jo

The global frequency selection thus reduces to the problem of find®mdor which the two brancheg™
andk™* can be smoothly matched across the WKBJ turning points and the associated Stokes line network in the
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region[ X, X*] [3,8]. In the present problem, considering the conditions (29) and (30) on the local Rayleigh
number and the local behavior of spatial branches of the complex wavenurrier kind of WKBJ turning
points, whereé),w = 0, i.e. where twa-branches coalesce, are possible: simple and double turning points. An
example of the latter is shown figure 2 where the two branches represented as solid lines coaleXce: &t

We note that, since (28) depends only parametricallXahrough the local Rayleigh numb&t(X), we can

write

Ixw = drwR/ (X)), (32)

where we have formally introduced a partial derivative with respe® t@t constant), with the complete
expression given in appendix B. Hendgw = 0 at the originX = 0 which is therefore a double turning point
of the WKBJ approximation with a corresponding frequenty

The conditions (29) and (30) also allow to have two simple turning points, as illustratéduoy 3 This
case is more complex (see for instance [3]) since it requires a conversion fram tmanch to a combination
of intermediatek~ andk™ branches at the first turning point and another conversion ta‘theranch at the
second turning point, which has to be linked to the first turning point by a Stokes line (this is not the case in
figure 3so that the analysis would have to be extended to the conipiplane). Note however that, in the
present context, two simple turning points}¥at and X* are only possible fo(w) =0 if R(X™) = R(X™)
are equal to the critical valugR, for local absolute instability. Consequentf®(0) > R, and the global mode
associated with the double turning pointXt= 0 has a positive growth rate at leading order. Therefore, the
following analysis is restricted to the case of a double turning point, for which the leading order global mode
frequency is entirely determined by the conditions

Orw = dxyw =0, (33)

satisfied forw = w' at X = Xt = 0.

Figure 2. Imaginary part of the spatial branchésw, X) versus locationX, at a fixed9(w) = 12058 and3J(w) = 0 (solid line), J(w) > 0
(dashed line) and(w) < 0 (dot-dashed line)P = 7, R = 0.63 andR(X) = Roo + (R — Roo)exp(—Xz/Z) with R = 1600. The values of
R(0) = Rt = 18279~ Ra andi(w) ~ R(wa) have been chosen so as to correspond to the convective-absolute transition.
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Figure 3. Same as ifigure 2 except for:R! = 19758 so as to havé,w = 0 at X = +1 for J(wg) = 0.

The breakdown of the WKBJ approximation at the turning point requires a separate analysis eftfAg O
neighborhood of(' = 0. The global mode frequeneys is thus expanded as

wG = w' + swy + O(e%?), (34)

wherew; is determined by a solvability condition at order

3.3. WKBJ solution t®(e) away from turning points
At order Q(¢), the inhomogeneous system of linear equationsfoe (pf, us, 67) is:
L[3; o', X5 (z; 0", X) = S1va, (35)
where the components vz read:
Sivi =[x AT (05 - &) + A*(X)ax (03 - &), IxA*{(2ik* — RU,)0F — pre}

+ A*(X) {iw1 P7HOF +idxk*0F — dx pie, + (2ik* — RU,)9x03

— R(X)P7L(ikE 0108 + U; (0% - e)e,)}, ax AT {2ik* — RPU, 65

+ AE(X){iw10F +idxk*0F + (2ik™ — RPU,)dx0F — R'(X) (k= U105

~ A A T
+To(ly &) + T1(05 - &) }] - (36)

Enforcing orthogonality condition between the right-hand sige: of (36) and the eigenfunctions of the
adjoint problem corresponding to the eigenval yields the evolution equation fot* (X):

_ 1
oty AT + AT (X) (—le + Ea,fwiaxki + Mo dx 0™ + nﬂ%’(X)) =0. (37)
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The coefficients in (37) are detailed in appendix B.
For the later matching of the outer WKBJ-solution

i X
AT (X5 (z; 0, X) exp(é / k= (o, X)dX—ia)Gt> (38)
0

and inner solution in the turning point region, the behavior of (38Y as 0 is required. WithA*(X) given by

H 1q2 /
A% (X) _ exp(_ /X —iw1 4 39f0Tdxk™ + Newdx o™ + 1. R/(X) dX>’
0

39
Ag: 8kwi ( )

where all expressions are evaluatedat o', the required limiting behavior fak — 0 is obtained in terms of
the inner variablge = ¢¥/%x = ¢~%2X as:

2 i . N
Aoy~ 2 exp(—a1/2%> eXp<mktX — Iwgt) Uh(2) + O(eY?). (40)

In (40) the following abbreviations have been used:

o= aiwt(fikzwt)_l, (41)
B =—2w; (8%") ", (42)
1 B

In (40)—(43) the superscript t indicates that the different functions have to be evaluatee-fef and X = 0.
Also, «/? stands for the root with positive real part:

R(a?) > 0. (44)

Details of the derivation of (40) are given in appendix C.

4. Analysis of the WKBJ double turning pointat X =0
4.1. Base flow in the turning point region

In the vicinity of X = 0, the appropriate inner variable s already introduced above. First, the base flow is
expressed in terms ¢f as a Taylor expansion around= 0. Using (9), this yields the following expansion of
the temperature field,, for instance:

2
Ty(x,2) = To(0, 2) + &2 x9x Tol x=0 + & (%3§TO|X:O + 710, z)) +0(e%?). (45)
EvaluatingTp andT; at X = 0, and taking into account th&' (X = 0) =0, 7}, is finally obtained as:

2
Ty(x.2)=R'To+ S%R"tTo +0(s%?), (46)
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whereR"' = R”(X = 0). Similarly, the base velocity and base pressure fields are approximated as:

Us(x,z) =0O(e¥?), (47)

2
I, (x, 2) =Rtﬁo+8%7€”tﬁo+0(83/z). (48)

4.2. Solution of the perturbation equations in the turning point region

The perturbatiorv = [p, u, 0] is sought in the form:

i .
V(x, 2, 1) = (Vo(x» 2) + e7/2V 5(x. 2) + Vi (X, 2) + O(e¥?)) eXp<mktx — Iwet> : (49)

with wg as in (34).

At leading order ire, the local problem (24)—(26) & = 0 is recovered. The leading order tewg(x, z) is
thus of the form:

Vo(x:2) = AGOVp(2). (50)
At the next order @'/?), the inhomogeneous system

L3,V = S1/2Vo (51)
is obtained where the vects} ,v; is given by

St avh = [0, A(05- &), 9, A{(2ik' — RU,) 0} — pbe.}, 8, A(2ik' — RPT,)0) " (52)

At this order, the solvability condition is identically satisfied sirig@' = 0 (see appendix D). The solution
Vi = (U}, 012, Pi,2) IS thus of the form:

Moreover, it is shown in appendix D how,, may be easily obtained frofy. At the following order Qg),
one obtains:

L9,V = S} (vp, vtl/z), (54)

whereS} (vo, v1/2) is given by:
Si(Vo. Vij2) = |92 A(0] 5 - &), 95 A{ 0y + (2ike — RU,)0Y ), — pY 28 } + Ai P oy,

2 T
) ; T\ND ; ) X et
92 A{0y+ 2k — RPU,)0; 5} + A{uwleg +5R ‘(05 - e) H . (55)

Finally, the equation governing the global mode amplitude at this order is obtained by enforcing the solvability
condition; using the coefficients and 8 defined by (41) and (42), one obtains:

A - (ax®+B)A=0. (56)

The detailed derivation of (56) is again given in appendix D.
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Table I. Complex frequency correctian; for different values of the Reynolds numbey
P andR(X) as infigure 2

RU=Ra Kt o' w1/(n+1/2)

0 1707.76 3116 0 —i2.502
0.1 1711.01 3119-i.1115 1874 —.06967—i2.549
0.2 1720.69 3128—i.2211 3755 —.1417—i2.685
05 1785.32 3177-1.5254 9502 —.375-i3.538

1 1987.67 P74-1.9302 1957 —.6960— i5.861

2 2617.51 B68—i1.461 4109 —.4971—i11.87

5 5551.16 P25-i2.185 1076 4.771—i30.80
10 13310.6 Z79—i2.624 2114 2001 — i58.34

The general solution of (56) is
A= (a¥?x?) exp(—a?x?/2), (57)

wherew is a combination of a kind of hypergeometric functions (Kummer functidgiss:
@ (§)=CiM(a,1/2,¢) + C2¢Y?M(a +1/2,3/2,¢), (58)

as defined in Abramovitz and Stegun [16], andC>, being two free constants. In (58) we use the coefficient
defined by (43) and is an arbitrary complex variable. Determining the asymptotic behavidr, as given by
(57), for largey, the asymptotic behavior (40) of the WKBJ solution can be recovered only whextduces to
Hermite polynomials [2]. This places a condition @mwhich must be such thats2= —n with n € N. Finally,
using the definition (43) af, the following condition on the @) correction of the global mode frequenay,

is obtained:

w1 = a,fw‘al/z <n + %), (59)
recalling thate'/? is uniquely defined by (41) and (44). As an illustration, we giveahble | some typical
values of the involved correction for various values ®fat P = 7 and R(X) being a Gaussian with
liMy_ 100 R(X) = 1600= R, R = RaandR" = R! — R, Ra being obtained as in [14]. It is clear from
inspection of the table, that(w,) is always negative, corresponding to a stabilizing effect on the most amplified
perturbation.

5. Results and discussion

The main result of the preceding sections is that the temporal evolution of global modes is entirely determined
by the local flow properties at the location of maximum Rayleigh nuriie©wing to the convective nature of
the instability in the locally parallel flow at small supercritical Rayleigh numbers, time growth of linear global
modes can only be obtained whhis greater than the critical value for absolute instabiity. For Reynolds
numbersR > O(1), this implies an @1) difference between the usual critical valRé’ ® for transverse rolls
(TR) in the parallel problem [17,13,18] and the critical vafig of the local Rayleigh numbeR! at X = 0 for
global instability. Infigure 4 this difference corresponds to the distance between the dashed and dot-dashed
lines, representing the evolution B’ ® andR,, respectively, withR. The weakly non-parallel effects induce
an additional smaller @) frequency correctiom; (cf. equation (59)), with which the @) approximation to
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Figure 4. Critical value of the local Rayleigh numb@&! = R (X = 0) for convective instability (dashed line), absolute instability (dot-dashed line) and
global instability (solid line for = 0.1) as a function of the Reynolds numb®&(X) and P as infigure 2

R is obtained from
J(w' + ewy) =0. (60)

Evidently, Rs depends on all control parameters, as well as on the value of the small param8tace

the Q(e) correctionw, is always found to have a negative imaginary p@t always exceed$k,. This
approximation ofRg is shown as a solid line ifigure 4for ¢ = 0.1 and the Gaussian Rayleigh number
distribution R (X) defined in the caption dfgure 2 It is first noted thaRs, like R, andR{® | exhibits a very

nearly quadratic dependence BnTo show the difference between théspapproximation ofRg and R, for
different parameters, their relative difference is givefigare 5as a function o for three values of spanning

the typical values of interest. This relative difference is seen to first increaseRwittthe range 6< R <5

and to reach a constant value for largerFrom an experimental standpoint, the difference between the critical
Rayleigh numbers for convective and absolute instability should be clearly detectable for sufficiently large
R, especially since this difference in Rayleigh numbers is associated with a marked frequency shift shown
in figure 6 (note that for non-zero Reynolds numbers, the transverse rolls under consideration are traveling
waves). The @) shift between global and absolute Rayleigh number, on the other hand, may be difficult to
detect for small values @f. Note that this shift subsists in the limiting Rayleigh—Bénard c&se,0, and varies
approximately linearly wittz for smalle in agreement with classical results (see e.g. [10]).

The value of the Prandtl number does not qualitatively affect the dependeRggeamf R but, as is clear from
figure 7, it has a strong quantitative effect. At large Prandtl numbé@rs=(450 infigure 7), the value ofRg
increases very rapidly wit® while it only slightly departs from the usual critical val®L ® for transverse
rolls (TR) in a spatially homogeneous (parallel) system at WP = 0.71 in 7).

Examples of the spatial structure of the most amplified global mode for three different Reynolds numbers
are finally shown irfigure 8 where the snapshots of isocontours of the normalized temperature perturbation
6o(X, z) clearly display the streamwise variation of roll strength in relation to the imposed furigtiof).

From this figure it appears that, for any given valueRrofthe global modes analyzed in this paper consist of
a ‘roll-train’ of approximately constant wavelength, smoothly modulated by a Gaussian-like envelope. In each
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Figure 5. Relative difference between critical values of the Rayleigh number for global instability and local absolute instalility Gate = 0.01
(dashed line), 4 (dot-dashed line), 1 (solid lineR(X) and P as infigure 2
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Figure 6. Real part of the frequency corresponding to the onset of convective instability (dashed line), absolute instability (dot-dashed line) and global
instability (solid line fore = 0.1) as a function of the Reynolds numb&(X) and P as infigure 2

10
R

plot of R(X) the regions of local absolute- X,, Xa] and convectivd— X, X] instability are indicated. As

expected, the ‘roll-train’ reaches its maximum amplitude déasince, to leading WKBJ order, the downstream

branchk* emerging from the turning point region &t= 0 is spatially amplified up to a point close 1. (it

is not exactlyX., because the global frequency is close but not equal to the critical frequency at the convective

stability boundary). As a consequence, depending amd the location ok, rolls may be observed relatively

far downstream of the location of maximum Rayleigh number and the ratio between peak roll amplitude and
roll amplitude atX' = 0 increases withX.. The reader is however cautioned that the spatial structure of the
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Figure 7. Critical value of the local Rayleigh number for global instability as a function of the Reynolds number for Prandtl mieb@71 (solid
line), 7 (dashed line), 450 (dot-dashed line) ard 0.1. R(X) as infigure 2

linear mode shown ifigure 8is only relevant to the marginal cag | Rg, and this only if the bifurcation

is supercritical. For largeR!, non-linearity is expected to affect the spatial structure, with rolls likely to
progressively become stronger in the upstream region. In this context, we believe that the smooth shape of
the envelope irigure 8should not be associated in a straightforward manner with the non-linearly saturated
‘soft global modes’ identified by Pier and Huerre [19]. The soft global modes requiré &) crosses the

real k-axis, a condition which is not met here as the imaginary pakofs found to be negative for alk

in the present case. In the case of a subcritical bifurcation, on the other hand, the structure dliguve &

is likely to be irrelevant, since the slightest impulsive perturbation would probably result in the establishment
of a nonlinear ‘steep global modes’ with a front located-&t,, of the type analyzed by Pier et al. [20] in

the context of the complex Ginzburg—Landau equation. Generally speaking, it may be difficult in the present
system to experimentally distinguish between the two types of bifurcations since, due to the resilityhef

extent of the absolutely unstable region remains small of ordet’©®.

Another question arising naturally concerns the relevance of the present purely two-dimensional approach
(or one-dimensional in terms of wave propagation directions), in a system in which three-dimensional
patterns (mainly longitudinal rolls) are commonly observed [21-28]. The longitudinal rolls in particular have
been shown in our previous work [14] to be always convectively unstable, despite having a lower critical
Rayleigh numbeR{-?’ than transverse rolls. Therefore, the experimental observation of the predicted global
modes composed of transverse rolls will likely be restricted to facilities with very low external noise and
limited streamwise extent, which allow to rea®y > R-® while keeping the amplitude of the noise-driven
longitudinal rolls below the observation threshold throughout the length of the cell. The situation does however
not appear hopeless, since transverse rolls have been observed in several setups (see, for instance, [25] or [27])
at low Reynolds humbers and sufficiently large Rayleigh numbers. As already mentioned in the introduction, a
future full analysis of a realistic (laboratory) system requires an extension of the present approach to spanwise
inhomogeneities with the Rayleigh number depending on two slow coordiXatasd Y. In addition, side-
walls need to be introduced eventually. This opens the possibility of convection patterns other than rolls being
dominant, as shown for instance by Rees [10] forRhe 0 case. Such an extension very seriously complicates
the analysis to the point where the present two-dimensional case will be indispensable as ‘anchoring point’.
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___________________ R'=1733.8
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Figure 8. Isocontours of the temperature perturbatiiiiX, z) corresponding to marginally stable global modes for three Reynolds nuritber8.2
(a), 05 (b), and 1 (c). Above each plot, the variation of the Rayleigh number Mithgiven, together with the regions of local absol#eXa, X5] and
convective[— X¢, X¢] instability. R(X) and P as infigure 2ande = 0.1.

Acknowledgements

The authors are grateful to J.F. Scott and D. Martinand for several helpful discussions. The financial support
of the Swiss National Science Foundation under grant no 21-39572.93 for the initial phase of the work, the
ERCOFTAC Leonhard Euler Center and the Direction des Relations Internationales of the CNRS (Ph.C.) are

also gratefully acknowledged.



766 P. Carriére, P.A. Monkewitz / Eur. J. Mech. B - Fluids 20 (2001) 751-770
A. Adjoint problem

The adjoint problem associated to the system of equation (24)—(26) is derived in a standard fashion.
Introducing the inner product betweén=[p, (, 0] andV' = [p’, V', 0] as

1/2 =
0. =/ (bp +0-T + 66" dz, (61)

it is found that the governing equations for the adjoint magle- [ 5§, 05, é{;] are given by:

—ik (05 -e) —0:(05 - &) =0, (62)
iwP 05— ikRU,05 + RU, (05 - ) e, + (ike, +€.9,) pj — ROGe. + (&% = 9?)05 =0, (63)
i@0; — ikRPU,6; — (0 -e) + (B —82)0; =0, (64)

which definesC*, the adjoint operator t@ defined by (27).

B. Coefficients of the WKBJ amplitude equation

The coefficients of the WKBJ amplitude equation (37) may be conveniently expressed using formal
derivatives of the linear operatd defined by (27). The existence of non trivial soluticisof (27) requires
thatk, w and X are related through the dispersion relation (28). Formally deriving (27), one can alternatively
use any pair of these three variables as independent: this is possible with the exception of singular points of the
dispersion relation (for instance whépw = 0 or dxyw = 0) which whatever correspond to the breakdown of
the WKBJ approximation where consequently (37) does not hold.

Of particular interest are the first- and second-order derivativésveith respect tck at constanix:

0 —i(e,") 0
ak£|X:(iex (—ihwP L 4+iRU, + 2k)I 0 ) (65)
0 0 —idw +iRPU, + 2k
0 0 0
a,§£|X:(o (—iZwP ™1+ 2)l 0 ) (66)
0 0 —i9%w + 2

wherel denotes the identity operator Rf. Now, derivation of (27) with respect foat constantX gives:
L] xVo = —LVo|x, (67)

which, using the inner product with the adjoint moijg leads to the following property @ L:
(L) x V0, 5y = — (LYo x, V)
= — (Yol x, L*V5)
=0. (68)
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Similarly, one derives the following property fofL:
(82L)xV0, V) 4 (8 L] x V0| x, V) = 0. (69)
Also, we introduce the linear operatdfs as:
O 0 O
Ip=|(0 P71 0]. (70)
O 0 1
Since the pressure terms may always be eliminated from the original equations, one can use:
(Tpo, V) =1, (71)

as the normalization fory. Note also thab, Vo|x being defined via (67), it is known up to an arbitrary value in
the direction ofiy. Thus, it may be imposed that:

(TpdeSolx., 05) =0, (72)

S0 asi, Vol x to be uniquely defined. Such a normalization has to be used whatever is the partial derivative which
is involved so that, for instance:

(ZpdVoli, U5) = 0. (73)

Finally, introducingZL., which refers to the @) correction of the base flow, as:

0 0 0
L,=|0 P YikUp+Uje)e) 0 |, (74)
0 To(e:-) + T (e.) ikU,

and recalling that the WKBJ expansion has been performed considednd X as independent variables, one
obtains the following alternative expression for the right-hand side term of equation (35):

N : . : i
S1UE = Ix AE (19 L x — 0™ Tp)VE + AT(X) Klwllp + Eaxkia,fﬁﬂx
1 S . N
—Eaxkia,?wil'}a)VéE + (I LE|x — Ho™Tp)dxVE |, — R (X)LEVE]. (75)

Solvability condition for solving (35) requires thgt;03, ¥5*) = 0. For further simplifications in the
expressions of the coefficient, we first use, in equation (75), the identity:

dxVoly, = AxkdVo|x + dxwd,Volx. (76)

ReplacingS; Vo by its expression as in (75), using (76) and further simplifying using (68)—(72) and (73), the
solvability condition becomes:

_ 1 : A o
hwTdx AT + AT(X) [—ml + Ea;tka,fwi — xR LE|x 3, VE |k, U5F)

FRO0(EE0.55%)] =0, (77)
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so that the coefficients involved in (37) are given by:

Moy = =13 LFx 00 V5 |1, 957), (78)
Ny =(L795.96%). (79)
Finally, introducing the operator:
0O 0 O
=0 0 0}, (80)
0 (&) O
it is easily obtained that:
axﬁ|k:—iawaP+R/(X)‘_79. (81)
Sincedy L[, also satisfies the property:
(9x L1xVo, ¥5) =0, (82)
it follows that:
8Xa) = —i'R,/(X)<‘_79\A/(), \A/g> (83)

Formally introducing the partial derivative with respecfRaat constank), one may equivalently writes:

Irw = —i{JyVo, V5). (84)

C. Asymptotic expansion of the WKBJ solution for X — 0

Asymptotic expansion of (38) requires to determine the behavior okthand k* branches ax =0 is
approached. The Taylor expansfoof w in the vicinity of X = 0 reduces to:

1 1
ok, X) = o'+ 00! (k - K2+ 505 X% + 0, (85)

since 9" = 0 anddye' = 0 at the double turning point, anif ' = 0 is also satisfied becausge' is

directly related toR" via (32) which vanishes whatever is the valugoAs w (k, X) = ' along a branch, and
introducing the inner variablg, it follows that:

k =k'+ eY2%iaY?| x| + O(e), (86)

recalling thair/? has been chosen so as to have a positive real part. The conversiohfrimmy < 0 to k™
for x > 0 is thus given by:

k= =K'+ eY2%iaY %y 4+ O(e). (87)
Using (87) in the exponential term of (38) leads to:

R o X 1/2)(2 1/2
exp| | k* (o', X)dX | =exp "‘tm_“ £ +O(e79). (88)

2 Formally, the relevance of such a Taylor expansion requiresithlit= 0, whereD is the dispersion relation yet defined and the partial derivative
being taken at constaktand X. This was always found to be satisfied in our present investigations.
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From (87) it follows that:

Ixk™ =iaY? + O(sY?). (89)
Also, sinceR’* = 0, one has:
R(x) = O(eY?), (90)
and consequently:
dxw=0(e¥?) for smallX. (91)

Finally, expandingd.w aroundX = 0 for w = &', taking into account that;»' = 0 anda? yw' = 0 and using
(87) it is obtained that:

o = eY%ia¥ 2920y + O(e). (92)
It thus follows that:
1
InAi=—§<1+ O%) /x‘ldx +0(e*?), (93)

with 8 as defined by (42), the integration of which leads to the asymptotic expression (40) given in the text.

D. Coefficient of amplitude equation in the double turning point region

From appendix B, it is immediately obtained that the right-hand side &rav;, of equation (51) may be
written as:

S1/Vh = 0, Al L] Vg, (94)
sinced,w' = 0. From (68) it follows that:
(8129 %) =0, (95)

so that the compatibility condition is identically satisfied. Also, using the equality (67), equation (51) may be
expressed as:

LV, = =i, AL 3ol (96)
from which it is obtained that:
V12 = =10Vl (97)
Similarly, the right-hand side teri (vg, Vi ,) of equation (54) may be expressed as:
1 _ o . 2 .
S1 (Vo Vi) = 95 A |:<§8kz£|tx + |8,fthp>v§) + |ak,c|§(v‘1/2] + A (lwlzp + %R”U@)v}, (98)
Using (69) and (71) and the identification (97)\@1;2 , the compatibility condition reads:
X2
107w'92A + A {iwl + 773’“(3[9\75, v;;w} =0. (99)
Further simplification is obtained remarking that, sifi¢é= 0, one has:

320! = drw'R", (100)
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which using (84) leads to the expression:

1 2
Ea,ﬁwgafA +A (w1 - %aiwg) =0. (101)

Using the coefficienta and g as defined by (41) and (42), equation (56) is easily obtained.
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